INTRODUCTION
============

It is now well understood that an increase in the dimensionality of quantum systems is beneficial; for example, it gives higher security in communication systems and increases transmission rates ([@R1]--[@R3]). There are many routes to realizing high-dimensional quantum states, using various degrees of freedom, such as time-energy ([@R4]), paths ([@R5]), the use of spatial modes ([@R6]--[@R9]), and combinations thereof ([@R10], [@R11]). In particular, the entanglement of photons that carry orbital angular momentum (OAM) has generated much interest in recent years ([@R12], [@R13]). Although OAM has been mooted as a means of realizing high-dimensional state spaces, very little work has actually demonstrated this \[but see, for instance, Mafu *et al.* ([@R14])\].

Recently, the use of OAM modes has been proposed to implement teleportation of high-dimensional quantum states ([@R15], [@R16]), so-called qudits, and the teleportation of spin-orbit hyper-entangled photons has been demonstrated in Wang *et al.* ([@R17]) and Graham *et al.* ([@R18]). High-capacity teleportation channels are an essential ingredient to enable long-distance quantum communication by means of quantum repeaters ([@R19]). However, teleportation based on Bell filters for OAM entanglement using linear optics requires a filter for antisymmetric states ([@R16]).

Hong-Ou-Mandel (HOM) interference ([@R20]) is a fundamental component in many quantum information protocols and one of the defining features of quantum physics. When each of the two input ports of a 50:50 beamsplitter receives one photon, only the antisymmetric state component and not the symmetric one produces coincidence counts in the output ports. This has been demonstrated for incident pairs of photons prepared in symmetric and antisymmetric states involving two spatial modes ([@R21]--[@R23]). HOM interference was investigated for various scenarios, for example, in polarization ([@R24]), in path length ([@R25]), in the radial dependence of the light field in a transversal plane ([@R26]), in spectral filtering ([@R27]), for different single-photon sources ([@R28]), and with spatial modes ([@R23], [@R29]--[@R31]). Generalizations to higher photon number and multiport as well as realizations with other bosonic systems ([@R32]) have been discussed in the literature. The HOM effect is applied not only to characterize single-photon sources ([@R33]) but also in the construction of quantum logic gates ([@R34]), quantum cloning ([@R35]--[@R38]), and phase shaping of single photons ([@R39]). In the context of OAM, no study to date has demonstrated the preparation of a high-dimensional quantum state by HOM interference.

Here, we extend the concept of HOM interference to photons entangled in more than two spatial modes, implementing a HOM measurement for OAM states. For the first time, we experimentally verify by state tomography that conditioning on coincident counts leads to a projection onto an antisymmetric state carrying high-dimensional entanglement. This filter (when conditioned on coincidences at the detector) for antisymmetric states can also act as a sorter for odd and even OAM states, and we show that coincidence counts will be produced by odd OAM states whereas double counts are produced by even states. This is the first reported observation of HOM interference for high-dimensional OAM entangled states and could enable quantum teleportation of qudits, as well as high-dimensional implementations of dense coding and other quantum technologies that rely on measurements of nonlocal observables.

RESULTS
=======

We begin by generating high-dimensional entangled photon pairs (see Materials and Methods). We use a laser to pump a nonlinear crystal to generate spontaneous parametric down-conversion (SPDC). At the exit facet of the crystal, SPDC produces the state ([@R6])$$\left. |\Psi \right\rangle\left. = \sum\limits_{\ell = 1}^{\infty}\mathit{a}_{\ell}|\Psi_{\ell}^{+} \right\rangle$$where $\left. |\Psi_{\ell}^{+} \right\rangle$ are symmetric OAM Bell states $(\left. |\ell \right\rangle_{\text{A}}\left. | - \ell \right\rangle_{\text{B}} + \left. | - \ell \right\rangle_{\text{A}}\left. |\ell \right\rangle_{\text{B}})/\sqrt{2}$, and α~ℓ~ is a complex coefficient in the expansion. Here \|ℓ〉 represents a photon with an OAM of ℓℏ. Here, we do not consider the contribution from ℓ = 0. The subscripts A and B label the photon path. Note that the photons are entangled in momentum, owing to the phase matching condition of the crystal. In the OAM basis, the photon states are anticorrelated: because the pump has zero OAM, the sum of the OAM of photons A and B must also add to zero, hence the superposition state of [Eq. 1](#E1){ref-type="disp-formula"}.

For the purpose of this work, it is necessary to generate high-dimensional entangled states that have both symmetric and antisymmetric contributions; this is achieved with Dove prisms. A pair of Dove prisms oriented at an angle φ with respect to each other introduces a phase factor that is proportional to the OAM index of the state \|ℓ〉 → \|ℓ〉 exp(*i*2ℓφ). The effect on an individual subspace is$$\left. |\Psi_{\ell}^{+} \right\rangle\left. \rightarrow|\Psi_{\ell} \right\rangle\left. = \frac{1}{\sqrt{2}}(|\ell \right\rangle_{\text{A}}\left. \left. | - \ell \right\rangle_{\text{B}}\mathit{e}^{\mathit{i}2\ell\varphi} + \left. | - \ell \right\rangle_{\text{A}}\left. |\ell \right\rangle_{\text{B}}\mathit{e}^{\mathit{i}2\ell\varphi}) = \frac{1}{\sqrt{2}}(|\Psi_{\ell}^{+} \right\rangle\left. \text{cos}(2\ell\varphi) + \mathit{i}|\Psi_{\ell}^{-} \right\rangle\text{sin}(2\ell\varphi))$$

It follows that with an appropriate choice of φ, the high-dimensional entangled state in [Eq. 1](#E1){ref-type="disp-formula"} can be converted into a state with symmetric and antisymmetric contributions ([@R40]). For example, after passing through two Dove prisms with φ = π/4, every subspace in [Eq. 1](#E1){ref-type="disp-formula"} with an even OAM value will remain symmetric $\left. |\Psi_{\ell\text{even}}^{+} \right\rangle\left. \rightarrow|\Psi_{\ell\text{even}}^{+} \right\rangle$, and every subspace with an odd OAM value will become antisymmetric $\left. |\Psi_{\ell\text{odd}}^{+} \right\rangle\left. \rightarrow|\Psi_{\ell\text{odd}}^{-} \right\rangle$. The Dove prisms will introduce additional phases between the subspaces, but in this experiment, these phases do not play a significant role.

Additionally, the $\left. |\Phi_{\ell}^{\pm} \right\rangle$ states and any superposition thereof can be generated by inserting a third Dove prism into one of the photon paths$$\left. |\Psi_{\ell}^{+} \right\rangle\left. \rightarrow|\Phi_{\ell} \right\rangle\left. = \frac{1}{\sqrt{2}}(|\ell \right\rangle_{\text{A}}\left. |\ell \right\rangle_{\text{B}}\left. \mathit{e}^{\mathit{i}2\ell\varphi} + \left. | - \ell \right\rangle_{\text{A}}\left. | - \ell \right\rangle_{\text{B}}\mathit{e}^{\mathit{i}2\ell\varphi}) = \frac{1}{\sqrt{2}}(|\Phi_{\ell}^{+} \right\rangle\left. \text{cos}(2\ell\varphi) + \mathit{i}|\Phi_{\ell}^{-} \right\rangle\text{sin}(2\ell\varphi))$$

The filter for high-dimensional OAM entangled states comprises a 50:50 beamsplitter in combination with two mirrors (see the beige region in [Fig. 1](#F1){ref-type="fig"}). The mirrors are necessary because of the reflection at the beamsplitter that causes a change of sign of the OAM value. They serve to invert the OAM value both before and after the beamsplitter and ensure that the combined system acts as a traditional HOM filter; that is, it is the antisymmetric input state that is unchanged on propagation. In this sense, we have a filter so long as we condition on coincidences at the detection point.

![Diagram of the experimental setup used to demonstrate high-dimensional HOM interference.\
The HOM filter, indicated by the beige section, consists of two mirrors and a 50:50 beamsplitter. Any antisymmetric state $\left. |\Psi_{\ell}^{-} \right\rangle$ will result in one photon in each of the modes A′ and B′ and the detection of coincidences; any symmetric state $\left. |\Psi_{\ell}^{+} \right\rangle$, $\left. |\Phi_{\ell}^{+} \right\rangle$, or $\left. |\Phi_{\ell}^{-} \right\rangle$ will result in a superposition of two photons in either A′ or B′ and the absence of a coincidence signal. SLM, spatial light modulator; SPAD, single-photon avalanche detector; SMF, single-mode optical fiber.](1501165-F1){#F1}

We identify three cases describing the action of the filter: the first is when the input state is \|Ψ~ℓ~〉, the second is when the state is \|Φ~ℓ~〉, and the final case is the general case of a high-dimensional entangled state composed of a superposition of OAM Bell states. When the input state is \|Ψ~*ℓ*~〉 ([Eq. 2](#E2){ref-type="disp-formula"}), the output from the mirrors and beamsplitter are given by (see Supplementary Materials)$$\left. |\Psi_{\text{out}} \right\rangle = \frac{1}{\sqrt{2}}\left\lbrack (|\ell \right\rangle_{\text{A}\prime}\left. \left. | - \ell \right\rangle_{\text{B}\prime} - \left. | - \ell \right\rangle_{\text{A}\prime}\left. | - \ell \right\rangle_{\text{B}\prime})\mathit{i}\text{sin}(2\ell\varphi) - (\left. |\ell \right\rangle_{\text{A}\prime}\left. | - \ell \right\rangle_{\text{A}\prime}\left. | - \ell \right\rangle_{\text{B}\prime}\left. | - \ell \right\rangle_{\text{B}\prime})\text{cos}(2\ell\varphi) \right\rbrack$$

This output state has two components. The first part is simply the antisymmetric state, with one photon in each path A′ and B′, resulting in the detection of coincidence counts. The second part corresponds to a superposition of two photons in path A′ or two photons in path B′, resulting in no coincidence counts. As the antisymmetric component is weighted by the factor *i* sin(2ℓφ), we will observe maximal coincidence counts for φ = π(1 + 2*n*)/(4ℓ) for any integer *n*. Conversely, we will observe no coincidence counts for φ = *n*π/(2ℓ).

When the input state is \|Φ~ℓ~〉 ([Eq. 3](#E3){ref-type="disp-formula"}), the output from the mirrors and beamsplitter will be given by (see Supplementary Materials)$$\left. |\Psi_{\text{out}} \right\rangle = \frac{1}{\sqrt{2}}\left\lbrack (|\ell \right\rangle_{\text{A}\prime}\left. |\ell \right\rangle_{\text{A}\prime}\left. - |\ell \right\rangle_{\text{B}\prime}\left. |\ell \right\rangle_{\text{B}\prime}\left. )\text{exp}(\mathit{i}2\ell\varphi) + (\left. | - \ell \right\rangle_{\text{A}\prime}\left. | - \ell \right\rangle_{\text{A}\prime} - \left. | - \ell \right\rangle_{\text{B}\prime}\left. | - \ell \right\rangle_{\text{B}\prime})\text{exp}( - \mathit{i}2\ell\varphi) \right\rbrack$$

Both components of this output state correspond to a superposition of two photons in path A′ or two photons in path B′, resulting in no coincidence counts regardless of the value of φ. Thus, we see that the combination of the mirrors and the beamsplitter acts as a filter that only allows the antisymmetric OAM Bell state $\left. |\Psi_{\ell}^{-} \right\rangle$ to pass when conditioned on a coincidence detection of photons in paths A′ and B′.

The final case that we consider is the general description of a high-dimensional entangled state; any such state can be decomposed into a superposition of OAM Bell states$$\sum\limits_{\ell}\left\lbrack \mathit{a}_{\ell}|\Phi_{\ell}^{+} \right\rangle\left. + \mathit{b}_{\ell}|\Phi_{\ell}^{-} \right\rangle\left. + \mathit{c}_{\ell}|\Psi_{\ell}^{+} \right\rangle\left. + \mathit{d}_{\ell}|\Psi_{\ell}^{-} \right\rangle\rbrack$$

This state is composed of two parts: a symmetric part \|*s*^+^〉, which contains $\left. |\Phi_{\ell}^{+} \right\rangle$, $\left. |\Phi_{\ell}^{-} \right\rangle$, and $\left. |\Psi_{\ell}^{+} \right\rangle$, and an antisymmetric part \|*s*^−^〉, which contains $\left. |\Psi_{\ell}^{-} \right\rangle$. If this state is incident on the filter, only the antisymmetric component $\left. |\Psi_{\ell}^{-} \right\rangle$ of the state remains unchanged and can be detected in coincidence. See eq. S5 for further details.

To test the filter, we characterize its performance for entangled OAM modes. [Figure 2](#F2){ref-type="fig"} shows HOM interference for the symmetric input state $\left. |\Psi_{1}^{+} \right\rangle$ and antisymmetric input state $\left. |\Psi_{1}^{-} \right\rangle$. We change the path difference between paths A and B and record a dip in the coincidence rate for the $\left. |\Psi_{1}^{+} \right\rangle$ input state and a peak in the coincidence rate for the $\left. |\Psi_{1}^{-} \right\rangle$. The symmetric state $\left. |\Psi_{1}^{+} \right\rangle$ is produced when the angle between the Dove prisms is set to φ = 0; the antisymmetric state $\left. |\Psi_{1}^{-} \right\rangle$ is produced when the angle between the Dove prisms is set to φ = π/4. For the $\left. |\Psi_{1}^{-} \right\rangle$ input state, we observe an increase in the coincidence rate by a factor of 2 when the path difference is zero, corresponding to quantum interference characteristic of the antisymmetric state. A Gaussian function multiplied by a sinc function is fitted to the experimental data. The fitting function depends on the bandwidth of the interference filters and the difference in optical path ([@R41]).

![Photon coincidence counts measured as a function of the path length difference.\
The red points denote input states $\left. |\Psi_{\ell}^{+} \right\rangle$, and the green points denote input states $\left. |\Psi_{\ell}^{-} \right\rangle$. We observe a HOM interference dip/peak when the path length difference is equal to zero. The data points shown are the average of 20 readings. A Gaussian function multiplied by a sinc function was fitted to the data and is shown as solid curves.](1501165-F2){#F2}

[Figure 3A](#F3){ref-type="fig"} shows the coincidences detected as a function of angle φ between the Dove prisms for the input states \|Ψ~1~〉 and \|Φ~1~〉; these are specific cases of [Eq. 6](#E6){ref-type="disp-formula"}. As φ varies, the superposition of input states changes, resulting in higher or lower coincidences based on the value of *d*~1~. The green points correspond to a superposition of $\left. |\Psi_{1}^{+} \right\rangle$ and $\left. |\Psi_{1}^{-} \right\rangle$, whereas the red points correspond to a superposition of $\left. |\Phi_{1}^{+} \right\rangle$ and $\left. |\Phi_{1}^{-} \right\rangle$. Because the red data have only symmetric states in the superposition, no value of φ produces coincidences; conversely, the green data have a nonzero antisymmetric component, and the coincidence rate varies as 2 sin^2^(2*ℓ*φ). These data show that the filter can project out the antisymmetric component from a two-dimensional OAM space. In addition to this result, [Fig. 3B](#F3){ref-type="fig"} shows the coincidences detected as a function of angle φ between the Dove prisms for the input states \|Ψ~2~〉 and \|Φ~2~〉. At φ + π/4, the filter can act as an odd and even OAM sorter. At φ + π/4, all the odd OAM states will be in the $\left. |\Psi_{\ell}^{-} \right\rangle$ state, thereby giving only coincidence counts, whereas all the even states will be in the $\left. |\Psi_{\ell}^{+} \right\rangle$ and will give only double counts.

![Coincidence counts as a function of input state.\
(**A**) Graph showing the variation of coincidence counts for the input states \|Ψ~1~〉, indicated by the green points, and \|Φ~1~〉, indicated by the red points. The theoretical variation in coincidence counts of any \|Ψ~1~〉 input state is equal to 2 sin^2^(2φ). For any \|Φ~1~〉 input state, the coincidence counts should remain zero as a function of ≻. The normalized count rate is determined by dividing the coincidence rate in the dip/peak by that outside of the dip/peak. The error bars represent 1 SD from averaging 20 readings. (**B**) Graph showing the variation of coincidence counts for the input states \|Ψ~2~〉, indicated by the blue points, and \|Φ~2~〉, indicated by the orange points. The theoretical variation in coincidence counts of any \|Ψ~2~〉 input state is equal to 2 sin^2^(4φ). (**C**) Normalized coincidence counts for the OAM ℓ = 1 and 2 Bell states. Only the $\left. |\Psi_{1}^{-} \right\rangle$ and $\left. |\Psi_{2}^{-} \right\rangle$ input states result in coincidences being recorded.](1501165-F3){#F3}

Finally, we consider the high-dimensional input state of [Eq. 6](#E6){ref-type="disp-formula"} with OAM values ℓ = 1, 2, and 3. By setting the angle φ = π/4 between the two Dove prisms, we produce a high-dimensional state with both symmetric and antisymmetric components. We are able to select after the filter which subspaces to analyze, and we therefore consider only the input state $\left. |\Psi_{\text{in}} \right\rangle\left. = \mathit{d}_{1}|\Psi_{1}^{-} \right\rangle\left. + \mathit{c}_{2}|\Psi_{2}^{+} \right\rangle\left. + \mathit{d}_{3}|\Psi_{3}^{-} \right\rangle$. Upon propagation through the filter, the antisymmetric subspaces are the only ones that remain unchanged, and the renormalized state detected in coincidence is $\left. \mathit{d}\prime_{1}|\Psi_{1}^{-} \right\rangle\left. + \mathit{d}\prime_{3}|\Psi_{3}^{-} \right\rangle$.

We perform full state tomography ([@R42]) before and after the filter and reconstruct the high-dimensional density matrices ρ associated with the states; these are shown in [Fig. 4](#F4){ref-type="fig"}. The ℓ = 1 subspace is highlighted in green, ℓ = 2 in blue, and ℓ = 3 in red. After the filter, the blue subspace has effectively been filtered out and has only near-zero values, whereas the red and green subspaces remain unchanged.

![The high-dimensional density matrices corresponding to the state before and after the filter.\
Only the real parts of the density matrices are shown. (**A**) The state before the filter, which in principle is given by $\left. \mathit{d}_{1}|\Psi_{1}^{-} \right\rangle\left. + \mathit{c}_{2}|\Psi_{2}^{+} \right\rangle\left. + \mathit{d}_{3}|\Psi_{3}^{-} \right\rangle$; there is a strong contribution from the ℓ = 1, 2, and 3 subspaces in this six-dimensional state (36 × 36 matrix). (**B**) The state after the filter, which in principle is given by $\left. \mathit{d}\prime_{1}|\Psi_{1}^{-} \right\rangle\left. + \mathit{d}\prime_{3}|\Psi_{3}^{-} \right\rangle$; the contribution from the ℓ = 2 subspace is 3.8 ± 0.2% of its original value.](1501165-F4){#F4}

[Figure 5](#F5){ref-type="fig"} shows the density matrices of the two-dimensional subspaces extracted from [Fig. 4](#F4){ref-type="fig"}. Both the experimental results and the theoretical predictions are shown for the state before and after the filter. The theoretical predictions before the filter are based on the state $\left. (|\Psi_{1}^{-} \right\rangle\left. + |\Psi_{2}^{+} \right\rangle\left. + |\Psi_{3}^{-} \right\rangle)/\sqrt{3}$, whereas the predictions after the filter are based on the state $\left. (|\Psi_{1}^{-} \right\rangle\left. + |\Psi_{3}^{-} \right\rangle)/\sqrt{2}$. The ℓ = 1 and ℓ = 3 subspaces remain unchanged through the filter, besides trace normalization factors: before, each represents approximately a third of the state, whereas after, each represents approximately half of the state. The ℓ = 2 subspace, on the other hand, is reduced to near-zero trace: before, it represents approximately a third of the state, whereas after, it represents less than 2% of the state.

![A comparison of the density matrices of the individual two-dimensional subspaces extracted from [Fig. 4](#F4){ref-type="fig"}.\
Only real parts are shown in this 4 × 4 matrix of the two-dimensional subspace. (**A** to **F**) The first two columns (A, C, and E) show the subspaces before the filter; the final two columns (B, D, and F) show the subspaces after the filter. Experimental results are shown in the left column of each pair, and theoretical predictions are shown in the right column of each pair. The ℓ = 1 subspace is shown in green, ℓ = 2 in blue, and ℓ = 3 in red. Darker bars indicate negative values, whereas gray bars indicate absolute values less than 0.05.](1501165-F5){#F5}

To quantify the performance of the filter, we obtain the density matrices of the subspaces ρ~*ℓ*~ by tracing over all other OAM values. The trace of ρ~*ℓ*~ provides the probability of projecting onto a particular subspace spanned by the states with OAM values ± *ℓ* (see [Table 1](#T1){ref-type="table"} for the numerical values). We see that the probability of projecting onto the ℓ = 2 subspace has changed from 31.9 ± 0.2% before the filter to 1.8 ± 0.1% after the filter. This corresponds to 3.8 ± 0.2% of the original signal and is a clear demonstration of effective filtering of the symmetric contribution to the high-dimensional state. Because of noise, we find that there is a small probability of projecting onto a subspace other than ρ~1~, ρ~2~, and ρ~3~, but this is only on the order of 2 to 3%.

###### The trace of each subspace ρ~ℓ~ before and after the filter.

This provides the probability to project onto a particular subspace spanned by the states with OAM values ±ℓ.

  **Subspace**   **Tr\[ρ~ℓ~\] before the filter**   **Tr\[ρ~ℓ~\] after the filter**
  -------------- ---------------------------------- ---------------------------------
  ρ~1~           0.370 ± 0.002                      0.556 ± 0.001
  ρ~2~           0.319 ± 0.002                      0.018 ± 0.001
  ρ~3~           0.278 ± 0.002                      0.409 ± 0.001

DISCUSSION
==========

Although prior work has considered the HOM effect using spatial modes ([@R23], [@R29]--[@R31]), here we have departed from this by demonstrating high-dimensional state preparation using the HOM effect, and in particular for the OAM basis. Our work combines knowledge of high-dimensional state analysis and the impact of state symmetry on the HOM effect to produce specific high-dimensional states after the beamsplitter without any post-selection other than conditioning on coincidences. This makes our approach easy to implement. In previous work ([@R23]), it has been shown that the symmetry of a hybrid (multimode) polarization and spatial mode state (Hermite-Gaussian modes were used) affects the HOM interference and that the antisymmetric state produces coincidences. However, in general, the statistics of measurement outcomes do not allow one to reach conclusions on the post-measurement states. This can be seen by noting that there is a one-to-many correspondence between the positive operators that determine the statistics (so-called effects) of a measurement and the operations that represent the state change due to the measurement ([@R43]). Therefore, only a state tomography, which was carried out here for the first time, can give conclusive proof of the state after the beamsplitter. The HOM effect has been used with OAM to study qubit states by mapping polarization entanglement to OAM ([@R29]) and to measure the spiral spectrum of entangled biphoton states ([@R30], [@R31]). Our results show that HOM interference can be used to project certain input states onto antisymmetric states that are entangled in four OAM values (quadit entanglement). Moreover, because of the inherent linearity of the projection, these results imply that product states are transformed into quadit entangled states as well, thereby creating higher-dimensional entanglement. The method can generate, in principle, an unlimited degree of entanglement in a photon pair using product states that involve superposition of many spatial modes as input. We note that the alternative way of creating this kind of entanglement by means of nonlinear optics is very inefficient in comparison. Thus, although important prior work exists on HOM interference with spatial modes, none to date have demonstrated high-dimensional quantum state preparation with the technique.

In conclusion, we have demonstrated HOM interference for high-dimensional entangled photon fields using the OAM of photons. Our results illustrate the discrimination of the antisymmetric state from the symmetric triplet for high-dimensional entangled states, requiring only conditioning on coincidences at the detectors. We analyze the density operator from the output of a HOM filter for OAM modes, which shows effective filtering of the antisymmetric component of a high-dimensional space and the separation of the odd and even OAM states, demonstrating that HOM interference can be used to generate entanglement and engineer the quantum state of OAM entangled photons. This increases the feasibility of applications of the HOM effect to higher-dimensional OAM qudit states. In particular, this filtering step is necessary for higher-dimensional quantum teleportation, a crucial process for long-distance quantum communication with qudits.

MATERIALS AND METHODS
=====================

We show the experimental setup in [Fig. 1](#F1){ref-type="fig"}. A 350-mW laser with a wavelength of 355 nm was used to pump a β-barium borate (BBO) crystal to produce degenerate photon pairs (labeled A and B) entangled in their OAM degree of freedom with type I phase matching by SPDC ([@R44]). The photon in path A is reflected off a right-angle prism mounted on a translational stage that is used to adjust the path length. Path B has two Dove prisms that can be rotated to change the phase of the OAM entangled state to produce \|Ψ~*ℓ*~〉. Optionally, we can insert a third Dove prism to produce \|Φ~*ℓ*~〉.

The photons were then passed through the HOM filter, which consists of a 50:50 beamsplitter and two mirrors. After the filter, the photons were incident on SLMs, which, in combination with SMFs, allowed us to make joint projective measurements of particular spatial modes. The SLMs allowed us to consider both two-dimensional subspaces, for example, where the value of ℓ is restricted to ±1, ±2, or ±3, and high-dimensional state spaces, for example, $\left. \mathit{d}_{1}|\Psi_{1}^{-} \right\rangle\left. + \mathit{c}_{2}|\Psi_{2}^{+} \right\rangle\left. + \mathit{d}_{3}|\Psi_{3}^{-} \right\rangle$. The techniques to achieve this can be found in Agnew *et al.* ([@R42]).

An interference filter with Δλ = 10 nm was used to select out photons around 710 nm just before the SMFs. The SMFs were connected to avalanche photodiodes to detect the single photons, and coincidences were registered via a coincidence counter. To maximize the coincidence count rate, we imaged the photon pairs from the plane of the BBO crystal onto the SLMs and then from the SLMs onto the SMFs. We also adjusted the angle of the BBO crystal such that the photon pairs are produced in slightly noncollinear paths (the dip in the ring of light being just visible), because we find that this produces around 1.5 times more coincidence counts compared to when the photons are produced collinearly or noncollinearly. The photon statistics follow a Poisson distribution, and thus, small uncertainties are achieved by accumulating many counts by time-averaging the coincidences. An overview of the entire experiment to achieve coincidences in an SPDC experiment with SLMs is given in McLaren *et al.* ([@R44]).
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